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Abstract 
Synchronization of fractional-order chaotic systems is a hot topic in the field of nonlinear study. The co-coupled 
synchronization between two fractional-order chaotic systems with different initial conditions is investigated in this paper. 
Based on Lyapunov stability principle and Gerschgorin theorem, the co-coupled synchronization theorem of fractional-order 
chaotic systems is deduced, and the range of coupling coefficients is confirmed for synchronization of fractional-order 
unified chaotic systems. By building up the synchronization simulation model on Simulink, the co-coupled synchronization 
between two fractional-order unified chaotic systems with different initial value is carried out, and the synchronization 
performances are analyzed, and the simulation results show that this synchronization method is effective. 
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1. Introduction 
Fractional-order calculus theory has a 300-year-old history, but due to no practice application, it 
developed slowly. Until 1983 Mandelbort pointed out the fact that there are lots of fractional-order in 
nature and many fields of science and technology. Many systems are known to display fractional-order 
dynamics, such as viscoelastic systems [1], dielectric polarization [2], electrode-electrolyte polarization [3], 
electronmagnetic waves [4], quantitative finance [5], and quantum evolution of complex systems [6], so it 
is important to study the properties of fractional order systems. 
Since the seminal paper by Pecora and Carroll in 1990 [7], chaos synchronization has attracted much 
attention [8] due to its theoretical challenge and its great potential applications in security communication 
[9-10]. Many synchronization approaches have been put forward, such as drive-response synchronization, 
feedback synchronization, co-couple synchronization, self-adaptive control synchronization, and active 
synchronization. Among those approaches, the co-couple synchronization has a bright future due to no 
requirement of decomposing the drive system and easy implementation. 
Recently, synchronization of chaotic fractional differential systems starts to attract increasing attention 
and becomes hot topics [11-19]. Literature [17] discussed the synchronization of unified chaotic system 
based on states observer, and Literature [18] and [19] studied the synchronization of fractional-order Lü 
system and fractional-order Chen system respectively based on Fourier transform, but Fourier transform is 
just used to prove whether the fractional-order chaotic system can synchronize, but can not present the 
range of couple coefficients.  
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In this article, we focus on the co-coupled synchronization of fractional order unified chaotic systems. 
The plan of the paper is as follows. In Section 2, we present the definition of fractional-order derivative and 
its approximation and the model of fractional-order unified system. In Section 3, we describe the 
synchronization principle of chaotic system based on co-coupled. In Section 4, chaos synchronization of 
the fractional-order unified system using the co-coupled approach is studied, and numerical simulations are 
used to show this process. Finally, we summarize the results and indicate future directions. 
2. Fractional-order derivative and fractional-order unified chaotic system 
2.1 Fractional-order derivative and its approximation 
There are several definitions of fractional derivatives [20]. The best-known one is the 
Riemann-Liouvile definition, which is given by  
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where n  is an integer such that nn <≤− α1 , )(⋅Γ  is the Gamma function. The geometric and 
physical interpretation of the fractional derivatives was given in Ref.[21]. 
The Laplace transform of the Riemann-Liouville fractional derivative is  
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where, L means Laplace transform, and s is a complex variable. Upon considering the initial conditions to 
zero, this formula reduces to 
{ })(L
d
)(d
L tfs
t
tf α
α
α
=
⎭⎬
⎫
⎩⎨
⎧
.                                     (3) 
Thus, the fractional integral operator of order “α ” can be represented by the transfer function 
αssH /1)( =  in the frequency domain.  
The standard definitions of fractional-order calculus do not allow direct implementation of the 
fractional operators in time-domain simulations. An efficient method to circumvent this problem is to 
approximate fractional operators by using standard integer-order operators. In Ref. [22], an effective 
algorithm is developed to approximate fractional-order transfer functions, which has been adopted in 
[22-24] and has sufficient accuracy for time-domain implementations. In Table 1 of Ref. [23], 
approximations for αs/1  with α from 0.1 to 0.9 in step 0.1 were given with errors of approximately 2 dB. 
We will use the 95.0/1 s  approximation formula [24] in the following simulation examples. 
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2.2 Fractional-order unified chaotic system 
In 2002, Lü J H et al put forward a new chaotic system [25], and it is described by  
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here, a  is the system parameter. When ]1,0[∈a , there exists a chaotic attractor on x-z plane as shown in 
Fig.1(a). 
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Fig.1 Chaotic attractor of unified system on x-z plane with a=1 
(a) α=β=γ=1  (b) α=β=γ=0.95 
Now, we consider the fractional-order unified system 
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where 1,,0 << γβα , and system parameter ]1,0[∈a . The lowest order existing chaos in this system is 
2.76 [26]. A chaotic attractor in the system on x-z plane was shown in Fig.2(b) with α=β=γ=0.95. 
3. The principle of co-coupled synchronization of chaotic systems. 
Consider a fractional-order chaotic system 
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where nR∈Χ  is the state vector, nnRA ×∈  is the constant matrix of the linear part of the equation, 
and )(Xf  is the nonlinear function of the system. Consider the co-coupled synchronization scheme of 
two fractional-order chaotic system  
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here, ],,,[ 21 nddddiagD L=  is the couple coefficients matrix of the synchronization system. 
Set X-X ′=E , and EMMff XX XX X-XXX ′′ =′=′− ，， )()()( . Apparently, XX ′，M  is a bounded 
matrix, then one obtains the error system between (8) and (9) as follows, 
EDMADEEMAEE )2(2 −+=−+= ′′ XX XX ，，& .                    (10) 
Obviously, E=0 is the equilibrium of system (10). This is to say that if an appropriate couple parameter 
matrix D is chosen, the synchronization system will stable at the equilibrium point. 
Theorem 1 For the co-coupled driven system (8) and response system (9), let 
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QiiQid , then the error system (10) will converge, i.e. 0||lim =+∞→ Et , the global 
asymptotic synchronization between the driven system (8) and the response system (9) can be achieved. 
Proof Constructing a Lyapunov function  
EEV T= ,                                        (11) 
here X-X ′=E . Apply differential to both side of this equation, we obtain 
EEEEV TT &&& +=                                   (12) 
Then using Eq.(10), we have 
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here, )2()2( DMATDMAH −++−+= ′′ XXXX ，， . For unit matrix U  and real number matrix 
),,,( 21 ndiag λλλ ⋅⋅⋅=∧ , we have UUH ∧∗= , then  
ETEUEUTEV ′∧′=∧∗=& ,                                  (13) 
here, UEE =′ . Let )()( XXXX ′′ +++= ，， MATMAQ , then DQH 4−= . 
When )
,1
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ijj ji
QiiQid , then according to the well-known Gerschgorin’s theorem in 
matrix theory, the eigenvalues of matrix ∧  satisfied following formula 
nii ≤≤<  1       0λ .                                     (14) 
Then 0<V& , the error system (10) will converge, i.e. 0|lim | =+∞→ Et . Then, the global asymptotic chaos 
synchronization between the driven system (8) and the response system (9) can be obtained. 
4. Co-coupled synchronization of fractional-order unified chaotic system. 
In this section, we build a co-coupled drive-response configuration with a drive system given by the 
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fractional-order unified and with a response system given by its replica. 
The drive system is given by  
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and the response one is defined as  
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here, 321 ddd 、、  are the couple coefficients. Set xxex ′−= ， yyey ′−= ， zzez ′−= , then we 
obtains the error system between (15) and (16) as follows 
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Let 95.0=== γβα , then we have 
EDMADEEMAEE )2(2 −+=−+= ′′ XXXX ，，&                          (18) 
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According to Theorem 1, when )
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the fractional-order unified chaotic system, we have 40|'| <y , 50|'| <z , then we can obtain that if 
ad 15271 −> ， 22122 +> ad ， 6/)523 ad −>（ , then the synchronization between systems (15) and (16) 
is implemented. For example, if let a=0.8, then 151 >d ， 6.312 >d ， 5.83 >d . According to the principle 
of co-couple synchronization, a simulation model is built up on the platform of Simulink, which is shown 
in Fig.2.  
 
Fig.2 Co-couple synchronization simulation model 
When 8.0=a ， 95.0 === γβα , system（16）and system（17）are chaotic. Using the synchronization 
simulation model, Synchronization simulation is complemented. Here, the initial values of driven and 
response system are chosen as [ )0( ),0( ),0( zyx ]=[1,1,1], [ )0( ),0( ),0( zyx ′′′ ]=[15,15,15] respectively, and 
set 9,33,16 321 === ddd , and 222 )()()( zzyyxxE −′+−′+−′= . Simulation time is 20 seconds. The 
simulation results is present in Fig.3. Obviously, two fractional-order unified chaotic systems with different 
initial values can be synchronized quickly. 
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Fig.3 Synchronization simulation diagram of fractional-order unified chaotic system 
(a) Synchronization phase diagram with x-x′ (b) Synchronization error curve 
For the purpose of comparison, we also plot the curves of synchronization error of the integer-order 
unified chaotic systems in Fig.4 (Except 1=== γβα , all the experiment conditions are the same with 
Fig.3). Comparing Fig.3 with Fig.4, it is found that the synchronization rate of the fractional-order chaotic 
oscillators is a little bit slower than its integer-order counterpart.  
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Fig.4 Synchronization simulation diagram of integer-order unified chaotic system 
(a) Synchronization phase diagram with x-x′  (b) Synchronization error curve 
To analyze the synchronization performance of this synchronization approach, simulation experiments 
are carried out with different co-couple strengths, and the results are present in Fig.5. It is noticed that the 
upbuilding time required for achieving synchronization between the drive system and the response one 
sensitively depend on the coupling strength. Generally, the synchronization upbuilding time increases with 
the co-couple strength increasing. It is useful for us to apply this synchronization approach to secure 
communication. 
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Fig. 5 Synchronization error curve with different co-couple strength 
(a) d1=16, d2=33, d3=9  (b) d1=18, d2=37, d3=13  (b) d1=30, d2=49, d3=25 
5. Conclusions 
Based on the theorem of Lyapunov stability and Gerschgorin theorem, we have studied the co-coupled 
synchronization between two fractional-order unified chaotic systems with different initial values. The 
sufficient conditions of synchronization is deduced, especially the range of coupling coefficient is obtained. 
We find that two fractional-order chaotic oscillators can be brought to an exact synchronization with 
appropriate coupling strength. Chaotic synchronization in fractional-order systems is intricate. Future work 
includes the application of fractional-order unified chaotic system in the secure communication. 
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